The microcanonical ensemble has long been a starting point for the development of thermodynamics from statistical mechanics. However, this approach presents two problems. First, it predicts that the entropy is only defined on a discrete set of energies for finite, quantum systems, while thermodynamics requires the entropy to be a continuous function of the energy. Second, it fails to satisfy the stability condition (∆ 2 S/∆U 2 < 0) for first-order transitions with both classical and quantum systems. Swendsen has recently shown that the source of these problems lies in the microcanonical ensemble itself, which contains only energy eigenstates and excludes their linear combinations. To the contrary, if the system of interest has ever been in thermal contact with another system, it will be described by a probability distribution over many eigenstates that is equivalent to the canonical ensemble for sufficiently large systems. Novotny et al. have recently supported this picture by dynamical numerical calculations for a quantum mechanical model, in which they showed the approach to a canonical distribution for up to 40 quantum spins. By simplifying the problem to calculate only the equilibrium properties, we are able to extend the demonstration to more than a million particles.
I. INTRODUCTION
Since the early work of Boltzmann in classical statistical mechanics [1, 2] and Planck in quantum statistical mechanics [3] , the microcanonical ensemble, in which the energy is held constant, has been a fundamental starting point. However, this use of the microcanonical ensemble has recently come under renewed scrutiny due to two fundamental problems it presents.
1. As normally interpreted, the quantum microcanonical ensemble is defined by the Boltzmann constant times the logarithm of the degeneracy at each discrete energy eigenvalue, so that the entropy is not a continuous function of the energy, as required by thermodynamics [3] [4] [5] [6] .
2. In both quantum and classical statistical mechanics, for first-order phase transitions the microcanonical ensemble predicts a range of positive second derivatives of the entropy as a function of energy, which violates a well-known stability criterion [4] [5] [6] .
It has been suggested that the source of these violations of the thermodynamic postulates lies in the neglect of quantum states that are linear combinations of energy eigenstates [6] . Such linear combinations are generated whenever two macroscopic systems exchange energy, and give a continuous energy spectrum. The canonical ensemble can then provide an excellent description of the statistical properties of a macroscopic system, even in the absence of contact with an infinite thermal reservoir. * swendsen@cmu.edu
The traditional derivation of the canonical probability distribution involves the expansion of the joint probability distribution for the energy of a system of interest in thermal contact with a second, much larger system, designated a thermal reservoir. In the limit that the reservoir is infinitely larger than the system of interest, it is then shown that the thermal weight (loosely termed the "probability") of an eigenstate with energy E n is proportional to exp(−βE n ), where β = 1/k B T , k B is Boltzmann's constant, and T is the absolute temperature.
We are raising the question of whether the second system must really be infinitely larger, or whether it might even be smaller than the primary system of interest. If so, this would be consistent with normal usage in thermodynamics, in which a system may be put into thermal equilibrium with any other macroscopic system regardless of its size (Zeroth Law Of Thermodynamics).
Four important papers have recently dealt with key aspects of this question [7] [8] [9] [10] . While we are primarily concerned with the equilibrium features of the statistical mechanics of finite systems, these papers explored the dynamical approach to equilibrium under the deterministic time development of Newton's equations for classical systems [7] and Schrödinger's equation for quantum systems [8] [9] [10] . A consequence of their computations was that for both classical and quantum systems the projection of the joint probability distribution of two finite systems onto one of the systems was increasingly well approximated by the canonical distribution as the system sizes increased. The only limitation of these papers was the practical one that the solutions of the dynamical equations could only be carried out for relatively small systems.
In this paper, we take a simpler approach to a more limited problem than was treated in Refs. [7] [8] [9] [10] . We restrict ourselves to the equilibrium statistical mechanics of finite systems, so we ignore the time development of the microscopic states. This means that we only need the information contained in the degeneracies of the quantum energy levels, ω(E n ), and their equilibrium occupation. We will show that under very general conditions, the distribution of energies is very nearly canonical. This in turn has the consequence that the thermodynamic entropy as a function of energy is given by the canonical entropy, and not the microcanonical.
In the next section, we give the basic definitions for analyzing two interacting quantum systems, including the joint probability distribution in equilbirum, and the canonical distribution as an approximation to that distribution. In Section III, we recall the definition of the Massieu function, which is a version of the Helmholtz free energy that is applicable to both positive and negative temperatures. Section IV then defines δ, which was introduced in Refs. [7] [8] [9] [10] a measure of the difference between the joint probability distribution and the canonical approximation. A system of simple harmonic oscillators is used to illustrate how a finite reservoir can generate an excellent approximation to the canonical distribution -even if it is smaller than the system of interest. In Section V we discuss the behavior of the two-dimensional Ising model, both at and away from the second-order phase transition. In Section VI, we discuss a corresponding analysis of the two-dimensional, twelve-state Potts model, both at and away from the first-order phase transition.
II. JOINT PROBABILITY DISTRIBUTION OF TWO FINITE QUANTUM SYSTEMS
Although thermodynamics and statistical mechanics also make predictions for other macroscopic variables, we will limit consideration to energy distributions to represent the general situation. Similarly, although a general treatment would include the exchange of energy between an arbitrary number M ≥ 2 subsystems, restrict ourselves to M = 2 subsystems, since the generalization to more subsystems is obvious. Label the systems with S (for the system of interest) and E (for the environment). The joint Hamiltonian is then denoted as
where H S is the Hamiltonian of the system of interest, H E is the Hamiltonian of the environment, and L S,E denotes the interactions between particles in different subsystems. When the systems are separated, each system has its own energy spectrum. For simplicity, we will assume that the separation between energy eigenvalues is a multiple of in both the system and the environment. Let us assume that the system and the environment together are separated from the rest of the universe, so that the total energy is a constant E T . When the system and the environment are separated, let the density of states of the system be ω S (E n ) (the degeneracy of energy level E n ), and ω E (E T − E n ) for the environment, where n denotes an eigenstate of the system.
It is normally the case that the energies associated with L S,E are negligible in comparison with the other energies in the problem. Nevertheless, they allow the transfer of energy between the two systems, by changing the energy spectrum from two separate spectra to a single spectrum [6] .
After the two systems have been brought together, equilibrated, and then separated, the energy distribution in each system is not a delta function. Each combination of states will be equally likely, so that the probability of two energy levels with total energy E T will have a probability proportional to the product of the degeneracies ω S (E n )ω E (E T − E n ). Normalizing, this becomes the probability for energy level n in the original system.
The equilibrium value of the energy in S is given by
This should be compared to the probability for the energy level n of the system in contact with the thermal reservoir. This probability can be derived from Eq. (2) by expanding the logarithm of ω E about its equilibrium value.
The factor β =
can be interpreted as the inverse temperature.
Collecting terms, and dropping the higher order terms, we have
where
or
This is just the canonical distribution
with different parameters because it is expanded about E n S instead of zero. The constants are related by
It is clear that P S (E n , E T ) and P S,C (E n , E T ) differ, but the question is whether this difference is large enough to matter. The question is of fundamental importance. If they differ measurably for macroscopic systems, it is not sufficient to specify the temperature of system E, but the system size must also be known. If the difference is not measurable, the assumptions of thermodynamics are valid. Furthermore, the entropy as a function of energy (the fundamental relation) must be given by the canonical entropy, which we now derive.
III. MASSIEU FUNCTIONS AND THE CANONICAL ENTROPY
It is well known that the canonical partition function is related to the Helmholtz free energy, F = U − T S, by the equation
The Helmholtz free energy is, of course, the Legendre transform of the fundamental relation U = U (S, V, N ) with respect to temperature, which we will denote as
, indicating the Legendre transform by the square brackets around the new variable T [4, 5] . For generality, it is better the use a Massieu function, which is the Legendre transform of the entropy [4, 5] . The reason is that if S = S(U, V, N ) is not monotonic in U , the function cannot be inverted to find U = U (S, V, N ). It will be particularly useful to define a dimensionless entropy,S = S/k B , in forming Massieu functions. From the differential form of the fundamental relation for dS, we can see that
where P is the pressure, V is the volume, µ is the chemical potential, and N is the number of particles. The inverse temperature β is found from the usual equation, which can be written as
The Legendre transform (Massieu function) is given bỹ
so thatS
The differential form of the Massieu functionS[β] is then
This immediately gives us
where the last equality is a well-known thermodynamic identity [4, 5] .
To carry out the inverse Legendre transform ofS[β] to find S(U ), use Eq. (17) to find U = U (β). Since U is a monotonic function of β, even for a non-monotonic density of states, we can invert this equation to obtain β = β(U ). From Eq. (13), we can find
Finally, the entropy with the usual dimensions is given by
IV. COMPARISON OF CANONICAL AND JOINT DISTRIBUTIONS FOR SIMPLE HARMONIC OSCILLATORS
A set of simple harmonic oscillators (SHO) provides a test for these ideas [6] . The energy spectrum is
where is Planck's constant, and ω is the angular frequency, and n k takes on the values of all nonnegative integers. The canonical entropy is
To provide a numerical measure for the agreement between the canonical entropy and the joint distribution, we follow Novotny et al. [9, 10] in defining δ.
with D S (E n ) to denote the density of states of the system S (to avoid confusion between ω and ω S (E n ) ), and
The value of δ is zero when the two distributions are identical, which is the case for N → ∞. For finite systems, it indicates how much the two distributions differ. Therefore, a small value of delta means that the canonical distribution provides a good description of the system.
We investigated the probability distributions for two systems of simple harmonic oscillators representing the system (S) and the environment (E). We used sizes ranging from 10 to 10 6 . The energy was fixed at 1.5 per oscillator for N S and N E between 10 and 10 6 . Table I gives the values of δ.
To understand the convergence of δ, first consider the dependence on the size of the environment, N E . Table I shows clearly that δ → 1/N E , which is due to the quadratic dependence of the difference on the energy between P S (E n , E T ) and P S,C (E n , β). The size of the system, N S , enters in two places. The width of the distribution is proportional to √ N S , which is a standard result for the width of a peak in statistical mechanics. This suggests scaling (E n − E ) /N S by 1/ √ N S . To maintain the normalization of the probabilities, we multiply them by √ N S . The scaling behavior of the difference in the probabilities is illustrated in Fig. 1 .
The scaling dependence of δ is then given by
whereδ(N S /N E ) is a function of the ratio R = N S /N E for systems with either N S or N E larger than about 10 4 . As an illustration, consider the following cases.
FIG. 1:
The scaled difference in the probabilities
is plotted against the scaled system energies N 1/2 S (E n − E )/N S . The system contained N S = 10 4 SHO's, while the environment contained N S = 10 4 SHO's (R = N S /N E = 1). The asymptotic behavior is shown, and the plot will not change for larger systems. The effective inverse temperature is 1.0, and the average energy is 1.44.
1. If the environment is much larger than the system (N S << N E ), thenδ(R) becomes a constant as R → 0, as seen in the bottom left side of Table II. 2. For a fixed ratio R = N S /N E , δ → N −1/4 , as the sizes of the two systems increase (where N is either N S or N E ). This can be seen by looking at any diagonal in Table II , where the values ofδ go to a constant. that depends on R. This decrease is rather slow, but the deviation from canonical behavior might still be hard to measure for a macroscopic system, as seen in Table III.   TABLE III 
V. COMPARISON OF CANONICAL AND JOINT DISTRIBUTIONS FOR THE ISING MODEL (SECOND-ORDER PHASE TRANSITIONS)
The exchange of energy between an Ising model and a system of simple harmonic oscillators is different at the second-order phase transition and away from it. We will examine both cases.
V.1. Away from the second-order phase transition
We did calculations for an inverse temperature of β = 0.5, which is well away from the critical value of β c = 0.88137. The energy was set as close to the average energy as possible, given the discrete spectrum.
To obtain a quantitative measure of the agreement, we compared a variety of sizes for both the system and the environment. The canonical distribution was used to obtain the best fit for the temperature. The deviation of the temperature from the desired value was small for all systems, and got dramatically smaller as the systems got larger. As can be seen from Tables IV and V, the data shows the same scaling given in Eq. (26). The width of the peak in the energy is largest at the second-order phase transition due the connection between the variance of the energy and the specific heat.
The increased width of the energy peak requires a larger environment to show a good approximation to the canonical ensemble. The improvement of the fit with increasing size is shown in Fig. 2 .
The increase of the width of the critical energy peak also has the effect of increasing the value of δ, which is shown in Table VI . The values should be compared to Table IV for β = β c , which are all smaller. We should be able to rescale δ for the Ising critical point to demonstrate the effect of the specific heat. Unfortunately, we have not been able to do this, probably because the systems are not large enough to show the asymptotic behavior.
VI. COMPARISON OF CANONICAL AND JOINT DISTRIBUTIONS FOR FIRST-ORDER TRANSITIONS (12-STATE POTTS MODEL)
The twelve-state Potts model in two dimensions presents an interesting test of finite-canonical distributions. Away from the first-order transition, it shows the same finite-canonical behavior distribution as the system of simple harmonic oscillators seen in the previous section. At the first-order transition, the behavior is different.
In each case, the energy was chosen to correspond as closely as possible to the temperature being investigated (β = 1.0 and β c = 1.496068). The value of the inverse temperature used for the comparison with the canonical 
FIG. 2:
Comparison of the canonical distribution (black dots) with the true joint distribution (red dots) for a Ising model on a 16 × 16 lattice at the transition energy interacting with a system of simple harmonic oscillators.
The system is at the critical inverse temperature.
distribution was then optimized to reduce the value of δ. This temperature correction was about 1% for the smallest example (8 × 8 Potts lattice and 64 SHOs), but went down to 7.6 × 10 −6 for a 32 × 32 lattice and N E = 2
18 . We first demonstrate the behavior away from the transition.
VI.1. Away from the first-order transition
Values of δ were calculated for an inverse temperature of β = 1.0, far from the first-order transition at β c = 1.49607. The scaled values forδ are given in Table VII . The patterns is the same as seen in Table II, For a first-order transition, the peak in the energy becomes a double peak with a distance between the two maxima that is proportional to the size of the system. The double peak structure at a first-order transition makes the analysis of this case differ for all others. For a small environment, the width of the distribution is dramatically limited, so that we see only a single peak, as shown in Fig. 3a. As N E increases in Fig. 3b and 3c , the full canonical distribution, with the double peak, emerges. 
FIG. 3:
Comparison of the canonical distribution (black dots) with the true joint distribution (red dots) for a 12-states Potts model on a 16 × 16 lattice at the energy of the phase transition interacting with a system of simple harmonic oscillators.
VII. CONCLUSIONS
We have shown that the microcanonical ensemble, which assumes that the system of interest is in an energy eigenstate, does not give a correct description of an isolated system. If the history of the system includes any thermal contact with another system, it has a probability distribution that is spread over many eigenstates. With certain reasonable conditions on the sizes of the system of interest and the environment, the probability distribution is that of the canonical ensemble. This is true even when the "thermal reservoir" is 1000 times smaller than the system of interest.
At a second-order phase transition, the energy peak is wider than at a point away from the transition and the approach to the canonical ensemble with increased size is slower. However, a macroscopic system is still well described by the canonical distribution when the environment is substantially smaller than the system of interest.
For first-order transitions, the double-peak probability distribution requires the environment to be larger than the system, although still not infinite.
In all cases, the thermodynamic energy is a continuous variable, and the validity of the canonical ensemble does not require an infinite thermal reservoir.
